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Abstract 


Gutman et al. introduced Sombor and Modified Somber index because of 
the rapidly growing applications in chemistry and network analysis. Graph 
energy ¢(G) and the spectral radius ¢(G) of graph G are essential com- 
ponents that are associated with the eigenvalues of the matrix of graph G 
and, chemically, with the intermolecular forces. These graph invariants have 
many useful applications in computer sciences, networking, and molecular 
computing. There are numerous variants of the «(G) and ¢(G) attained by 
substituting another matrix in place of an adjacency matrix. Modified Sombor 
energy, MM Se(G) is defined as the sum of absolute eigenvalues of the modified 
Sombor matrix or in other words we can say that modified Sombor energy, 
MSée(G) is the trace norm of modified Sombor matrix. Modified Sombor 
spectral radius, oS is defined as the largest absolute eigenvalue of the 
modified Sombor matrix. The major focus of this article is on the MSe«(G), 
9MS of the generalized shadow and splitting graphs. The only realistic 
problem in which we are particularly interested in how MSe(Spl,(G)) and 
MSe(Sh,(G)) are comparable to MSe(G). On similar lines we are also 
interested in how 9M S(Spl,(G)) and 9M S(Sh;(G)) are comparable to 
0M S(G). We were able to address these challenges by focusing on splitting 
and shadow graphs. 
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1 Introduction 


QSAR/QSPR studies use physicochemical features and topological indices to 
predict the bioactivity of chemical substances. Topological indices link specific 
physicochemical aspects of chemical substances. Among degree-based topological 
indices, atom-bond connectivity (ABC) and geometric-arithmetic (GA) are crucial. 
These topological indices are used to link specific physicochemical features of 
chemical compounds, such as boiling point, stability, and strain energy. Authors 
in [14] computes the inverse sum indeg index for several graph operations like as 
lexicographic product, join, cartesian product, sequential join, and corona operation. 
The topological properties of neural networks can be explored using various graph 
theoretic parameters. The authors of [21] explore graph theoretic parameters and 
highlight some intriguing topological characteristics for several neural networks. 
The metric dimension and fault-tolerant metric dimension have potential uses in 
telecommunications, robot navigation, and geographic routing protocols. In [28] 
the authors investigate the fault-tolerant metric dimension of several interconnection 
networks. In [16], the authors investigate the metric and fault-tolerant dimension 
of specific families of interconnection networks. The authors of [19] investigate 
interconnection networks and obtain analytical closure conclusions for the general 
Randic index, as well as the ABC, first Zagreb, and GA indices. In [15], the 
authors computed the ABC index and the GA index for oxide and chain silicate 
networks. The authors of [32] demonstrate that the family of convex polytopes 
with an unbounded metric dimension has an unbounded fault-tolerant resolvability 
structure. Furthermore, they created three more infinite graph families that are 
closely linked to convex polytopes but have an unbounded metric dimension. 

The relationship between graph structure and its eigenvalues has been estab- 
lished since the matrix-tree theorem was proven. The debate over the validity of 
the theory continues since graph invariants and spectral graph theory are related. 
Undoubtedly, the epidemic control model is one of the most well-known imple- 
mentations. It is possible to determine the independence number and chromatic 
number using the eigenvalues. Spectral theory of graphs deeply looks at the rela- 
tionship between a graph’s topological properties and the spectral properties of its 
associated matrices. Initially, spectral theory of graphs investigated the eigenvalues 
of the adjacency matrix. Spectral theory of graphs aims to connect graph struc- 
tures, such as connectedness, chromatic numbers, and diameters, to the spectra of 
corresponding matrices. Since the 1950s, spectral graph theory has been a focus 
of research in graph theory. Huckel first presented the HMO Theory in the 1930s. 
A molecular graph is used to illustrate conjugated hydrocarbons. The molecular 
graph’s eigenvalues depict electron energy levels, jth molecular orbital energy is 
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determined by e; = 9 + Ajo in HMO approximation. Total 7-electron energy ¢ is 
calculated by adding the energies of all 7-electrons available in the molecule. Gut- 
man in [12] provided a general formula for calculating the total 7-electron energy 
of a conjugated hydrocarbon using the HMO approach in the late 1970s and defined 
energy, €(G) as the sum of absolute eigenvalues of the adjacency matrix or in other 
words we can say that adjacency energy, ¢(G) is the trace norm of adjacency matrix. 
Graphs have significant invariants such as energy and spectral radius. Any regular 
graph G without isolated vertices will be taken into account here. A topological 
index is a single value that describes the properties of a molecular graph. Indices 
have remarkable use in chemistry, in the analysis of complex networks, proteomics 
and bioinformatics. These topics encompass a wide range of biological disciplines, 
including toxicology, microbiology, virology, and cancer research. The primary rea- 
son for indices popularity is their high flexibility in resolving seemingly unrelated 
challenges in all of these areas in a short amount of time. A wide variety of physio- 
chemical properties of chemical compounds can be predicted by topological indices. 
The energy of a network is defined by a number of topological indices. Gutman 
established the modified Sombor matrix, which has entries that are rE when 
ae 
i ~ j and 0 elsewhere. ¢(G), was only pushed to be researched by a small group of 
scientists at first because it was such a bizarre idea. But mathematicians never really 
embraced the concept until the year 2000. Due of its widespread use and practical 
applicability across numerous industries, this concept is currently attracting a lot of 
attention. Bilal et al. investigated symmetric division deg spectral Radii and sym- 
metric division deg energies [5], maximum and minimum degree spectral radii [38], 
atomic bond connectivity energies and atomic bond connectivity spectral radii [3], 
inverse sum indeg energies and inverse sum indeg spectral radii [6], and Randic 
and reciprocal randic spectral radii and energies [4] of the splitting and shadow 
graphs of any regular graphs. The authors of [18] obtained the relationship between 
other indices and the modified Sombor index, as well as certain bounds for the 
modified spectral radius and energy. Information and sources about spectral radii 
can be found in [7, 8, 36]. Horn et al. [17] and Gatmacher [10] both investigated 
matrix analysis. For more details and introductory ideas on graph energies, see [23]. 
[2, 27, 33] provide a history of the many uses of graph energy. Different variants 
of graph energies have different applications in different sectors of real life like 
in crystallography [1, 37], as well as in the theory of macromolecules [25, 34], 
biology [11], protein sequencing [9, 39, 35], air travel problems [20], and spacecraft 
architecture [26]. Sombor-like energies have some connections in chemistry and 
network-related applications. Some applications that forced us to study are the 
following: 1. By studying the Sombor-like energies of splitting graphs, we gain 
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insights into the structural properties of networks like, Network Resilience: Higher 
Sombor-like energies energy implies greater robustness against vertex removal. 
Networks with higher splitting graph energy can withstand more vertex failures 
without significant loss of connectivity. Community Detection: Splitting graphs 
can be used in community detection algorithms. The energy of splitting graphs 
provides information about the community structure within a network. Graph Visu- 
alization: Splitting graphs can be visualized to reveal patterns and clusters within 
a network. ” Spectral Properties: The eigenvalues of splitting graphs are related 
to the eigenvalues of the original graph, which has implications for spectral graph 
theory. 2. Shadow Graph Energies: Network Alignment: In biological networks or 
social networks, shadow graph energies can be used for network alignment tasks. 
Graph Clustering: Shadow graphs can reveal structural similarities between graphs, 
aiding in clustering and classification. Both of these operations help us in efficiently 
computing some properties as given in [40, 18]. 


2 Preliminaries 


Fundamental concepts and background information pertinent to our key results 
are introduced here. The Sombor index, formulated by Ivan Gutman [13], and 


defined as )°, i d? + di, emerges from a geometric viewpoint of the degree radius, 


which measures the distance from the origin to the degree point (x, y). Redzepovic 
further explored the chemical significance of Sombor indices, as detailed in [29]. 
Additionally, Milovanovic and colleagues investigated the connections between 
Sombor indices and other indices [24]. Gutman also proposed a variant of the 


Sombor index, expressed as 7; ; rE [22]. Huang and associates established 
24d? 


boundaries for both the modified Sombor spectral radius and modified Sombor 
energy [18]. Sombor index and its higher-order interactions have been explored 
in [31]. The authors of [40] calculate numerous constraints for modified Sombor 
spectral radius and modified Sombor energy. A matrix stores significantly more 
structural information than an index. The concept of the modified Sombor index 
requires that a square matrix 1S be purposefully associated with the graph G. For 
further details and relevant references, please refer to [18]. According to [18], the 
modified Sombor M/S matrix has entries given by 


1 
when Uji ~ U5 
aya! 4 ho 
ki -| 4/ a; +45 


0, otherwise. 


The modified Sombor matrix 17'S is a real symmetric matrix so all of its 
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eigenvalues are real. If the modified Sombor matrix consist of the following 
eigenvalues 71, 72, ---; Yn With multiplicities m1, m2, +++ 7™n, respectively, then 


spoems = ( Yoon D: 


my mgr: Mn 


n 


i=1 


where 71, 72; ---; Yn are the eigenvalues of modified Sombor matrix. 
pMS(G) = max |qj|. 


In [30], authors introduced the splitting graph Spl,(G) of G and investigated its 
features. Spl;(G) is built for G by adding t more vertices for each vertex u, so 
that the newly added vertices are adjacent to each vertex in G that is adjacent to u. 
Figure 1 depicts a cycle graph with eight vertices, whereas Figure 2 illustrated the 
two splitting graph of Cy. 


Figure 1: Cg. 


Shz(G) is created for a graph G by making t new copies of G and adding 
edges between the vertices of the copies if their corresponding vertices in G are 
adjacent. Figure 3 illustrated the three shadow graph of Cs. 
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Figure 2: Spla(C3). 


Figure 3: Sh3(Cg). 


Lat beer. Mere. 
ay, M a 495 .a44M 


L®&®)M= 


asiM. . .ag¢M 
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Proposition 1.1 ({17]) Let L has eigenvalue t and M has eigenvalue x, then 
L® M has an eigenvalue wr. 


New findings are presented in the current article about modified Sombor 
energy and modified Sombor spectral radius. Section 3, deals with M Se(Spl;(G)) 
and pMS(Spli(G)). Section 4, deals with MSe(Sh:(G)) and pMS(Shi(G)). 


3. Modified Sombor Energies and Modified Sombor 
Spectral Radii of S'pl,(G) 


Graph operations are methods for creating new graphs from existing graphs. Split- 
ting graph is a unary graph operation that create new graph from old one. When 
working with spectral parameters, it’s important to understand the relationships 
between base graph and the newly created graph. We want to investigate how the 
modified Sombor energy and modified Sombor spectral radius of freshly generated 
graph (Spl;(G) depends on the modified Sombor energy and modified Sombor 
spectral radius of base graph G. 


Theorem 1 For t > 1, modified Sombor energy of S'pli(G) in terms of modified 
Sombor energy of original graph G is 


MS¢(Spl,(G)) = [or + 4 MSe(G). 


Stt+l 
Proof: 
Yi Yo 0) 
Yy2 0 0) 
MS (Spli(G)) = |. 
yo 0 0 
Where w = aay MS(G) and yo. = TEMS). 
2 
2 MS(G 1__MS(G L S(G 
(t+1) ( ) ae ae ) ae ) 
s— MS(G) 0 0 
MS (Spi(G)) =| V2t? 
1__MS(G) 0 0 
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1 1 1 
t+1 2 << 2 
. ) Vf 5 t+t+1 / S+t+1 
0 oe 0 


= MS(G)® | eee 


a 


; : : : 
= 0 Sass 0 
Ve +ttl 


Let [A] = cj; having entries 


1 1 1 
(¢+1) 2 aes 2 
Vf S4+t4+1 yf S4+t4+1 


> 0 0 

Ci = Stt+1 
= 0 0 | 
Stt+l 4 


To find MSe(Spl;(G)), it is essential to determine all the eigenvalues of the 
matrix [A]. We are currently in the process of calculating these eigenvalues. We 
denote required eigenvalues by a; and ag. Evidently, we obtain 

1 


a,+aQg= G41 (3.1) 


Consider [A?] = d;; having entries 


| (aN * engl Ean) a cane Fr | 
gee | (eH) +41) 2 4tt1 . 2 ytt1 | 
' 
Then 
1 2t 


(3.2) 


att Aa) G+i? (yey 
2: 


After solving equations (3.1) and (3.2), the following outcomes are obtained 


Lee Sl 1 At 
Le Gary ) ‘oor ) Pata” oe 
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and 


ie. bh 1 At 
ag= ( 5) i) ): (3.4) 
2-t+1 (t+ 1) f+t+1 


= Ata bE ee 1 | At Life: Al | At 
Ch(A)=at (> ager "4/42" =) (> a (aa (t+1)2 ! =) 


As a result, we obtained the spectrum specA, 


0 1( 1 iL At ) 1( 1 fi At ) 
specA = ee (dye apa: <2 Sere (ye ey 
t—1 1 1 

(3.5) 


Since MS(Spl;(G)) = MS(G) & A. If a1, 2, 03, ..-On are eigenvalues of MS(G) 
then by Proposition 1.1 


n 


1, 1 1 At 
MSe(S'pli(G)) = Ss" ( a / 5) ED) i 
ate tee (+1)? S4t+1 
yi tae 4 ee 
OMe VFI?” B44] 


| | 1 1 | At 1 
Le OM FIP Besa tt 


1 At 
= += MS<(G). 
jar P+ttl io 


Proposition 3.1. (i) Modified Sombor energy of S'ply(P(n, k)) of Petersen graph 
P(n,k), where n > 2k +1, is 


MS¢(Spli(P(n,k))) = wail ae 
2: 


t 
+t+1 


pee: 


cos (22+) + cos (2244) + (cos (224) cos (2#%4))2 4 i] 
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(ii) Modified Sombor energy of Spli(Y;,) of Prism graph Y,, is 


MSe(Spli(Y, ) = ay az + bos ) |2cos (222) at || : 


as 


(iii) Modified Sombor energy of S'pli(Cy) is 


n—-1 
MSe(Spli(Cn)) = la aI: he z — 7 3B = (00s ea 5) 


(iv) Modified Sombor energy of Spli( Kn) is 
MSe(Splii(Kn)) = (or Gaye + Ba?) 

(v) Modified Sombor energy of Spli(Knn) is 
MSe(Spli(Knn)) = [or cay + 8D) 


Proof: 


(i) By applying some simple algebra, we arrive at 
MSe(P(n, k)) 


= -1 
=3V2 de 


Theorem | can be utilized to achieve the desired result, as the Petersen graph 
P(n, k) is a regular graph. 


cos (24) + cos (27#4) + (cos (224) cos (2% *)) + 1}. 


(ii) By applying some simple algebra, we arrive at 
MS<(Y,) = 375 Liz0 ) |2cos (228) + 1]. 


Theorem 1 can be utilized to achieve the desired result, as the prism graph Y;, 
is a regular graph. 


(iii) Each vertex in C;, has a degree 2. So, 


1 1 
0% 0 0 a 
Hs if = 0 0 
v8 1 v8 1 

MS (Cy) = | Og OS ae Q . 
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1 27 1 
MSspec (Cp) = —=(cos (*)) fori =0,1,2,---,n-1l. (3.6) 


V2 
—] ri 
MSe(Cn) = DIS} Jg(cos (224). 
Theorem 1 can be employed to obtain the desired outcome. 


(iv) Each vertex in K,, has a degree n — 1. So, 


1 1 1 1 
0 Jf2(n-1)2 V/2(n-1)?_—/2(n—1)2_ *-p/2(n—- 1)? 
1 1 1 
2(n—1)2 2 V2(n-1)?2_—-/2(n—1)?_ *-/2(n=1)? 
1 1 0 1 1 
MS (Kn)= | V2n-1)?— \/2(n—1)? A(n—1)2 ©" 4/2(n—1)? 
| 1 1 1 is 0 | 
V2(n-1)2_ \/2(n—1)?—_—/2(n—1)?_—V/2(n-1)? * 
to av! 
MSspec(Kn)= | v2 9 2n-2 |. (3.7) 
1 n-1 
MSe(Kn) =|45|+ (2-1) - 251. 


MS¢(K,) = B +(n es 
Finally, we have 
1 1 
MSe(Kpn) = —=+ =. 3.8 
(Kn) = + G8) 


We arrive at MSe(K,) = V2. Theorem 1 can be employed to obtain the 
desired outcome. 


(v) Because K,,,, is an regular graph, so each vertex in it has a degree n. 
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LL 0 side 
MSspec (Kym) = ( la se ae Ne (3.9) 
MSe(Kan)=|4,1+(- 
MSe(Knn) = a + wor 
Finally, we have 
MSe(Knn) = V2. (3.10) 


Theorem 1 can be employed to obtain the desired outcome. 


Theorem 2 For t > 1, modified Sombor spectral radius of S'‘pli(G) in terms of 
modified Sombor spectral radius of original graph G is 


oMS(Spli(G)) = eMS(G)(,| can + Ht), 


E4+t+1 


Proof: Using the spectrum specA, 


0 at 1 A 1 = At 1 1 1 cone! At 
specA = 2 t+1 (t+1) E4t+1 2 t+1 (t+1) F4+t+1 
1 1 


t—1 


Since MS(Spli(G)) = MS(G) & A. If o1, 02, 03, ..-On are eigenvalues of MS(G) 
then by Proposition 1.1 


eM S(Spli(G)) = maa, |(specA)) 7| 


» tt {2 1 4t 
1 1 ie 1 At 
2\e+1 VE+1?  S4e41 


Proposition 3.2. (i) Modified Sombor spectral radius of Spl,(P(n, k)) is 


k 
eM S(Spli(P(n,k))) = a5 (ss jor t eh  Lt+d h 


= 9MS(G) 
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(ii) Modified Sombor spectral radius of Spl;(Y;) is 


eM S(Spli(Yn)) = ap AA ! (mr a a) ; 


(iii) Modified Sombor spectral radius of S'ply(Cy) 
Sets |i hs 1 At 
pM S(Spli(Cr)) = V2 E (a (or a -)| : 
(iv) Modified Sombor spectral radius of S'pli( Ky) 


9M S(Spli(Kn)) = 5 (x 7 [or ae (J5): 


(v) Modified Sombor spectral radius of S'plt(Knn) 


a ee (ee eee 1 
eM S(Spli(Knn)) = 3 | gat (mr =) V2" 


Proof: 


(i) Note that the spectrum of P(n, k) is as follows: spec|P(n, k)] = 


a (cos (224) + cos (22#4) + (cos (224) — cos (2#£4)) 4 1) 
n 
Where 0 <i<n-—1 
Since the range of cos x is [—1, 1], By applying some simple algebra, we 
arrive at oMS(P(n,k)) = wor Applying Theorem 2, we obtain the re- 
sult again. 


(ii) The spectrum of Y;, is as follows: 
1 Qi 1 Qi 
spec(Yn) = ( ay (2008 (7%) +1) 575 (2c08(77") — 1) } 
up n 


Where 0 <i<n-—1 


We arrive at pM S(Y,) = wor By employing Theorem 2, we obtain the 
conclusion. This is due to the fact that the Prism graph Y,, is regular. 
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(iii) By utilizing the modified Sombor M S'specC,, 


(iv 


(v 


) 


wa 


MS'specC,, = 
( Ja (cos 2a) J5 (COs zn) Jq (Cos a) ras Ss (cos ens) | 
1 1 1 vee] 


Since the range of cos x is [—1, 1], By applying some simple algebra, we 
arrive at oMS(C;,) = wor Theorem 2 can be employed to obtain the desired 
outcome. 


By utilizing the modified Sombor spectrum of Ky, 


1 ee 
MSspec (Kp) = my tet 
n — 


We arrive at oMS(K,,) = a Theorem 2 can be employed to obtain the 
desired outcome. 


By utilizing the modified Sombor spectrum of Kp »n 


ak. 0 ee 
MSspec(Knn) = ( ve oa 3e ve 


By applying some simple algebra, we arrive at pM S(Kp7) = wot Theo- 


rem 2 can be employed to obtain the desired outcome. 


4 Modified Sombor Energies and Modified Sombor 


Spectral Radii of Sh,(G) 


Shadow graph is a unary graph operation that create new graph from old one. When 
working with spectral parameters, it’s important to understand the relationships 
between base graph and the newly created graph. We want to investigate how the 
modified Sombor energy and modified Sombor spectral radius of freshly generated 
graph (Sh;(G) depends on the modified Sombor energy and modified Sombor 
spectral radius of base graph G. 


Theorem 3 For t > 2, modified Sombor energy of Shy(G) in terms of modified 
Sombor energy of original graph G is 


MSe(Sh,(G)) = MSe(G). 
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Proof: 
v3 Y3 ... tps 
Newey | 
v3 W3 ‘a 


(7) MS(G) (7)MS(G) (7)MS(G) | 
as (sp(@y = | OMEN) GMS) (MSG) 
(+)MS(G) (¢)MS(G) (4)MS(G) |, 
oe 
= MS(G)®&) : 
1 oil 1 


——— 9 

ee chet 
Hl REE 

eee che 
——— | 


c_— 
CS 
Hl eee 
|e 
a 
+ 


To compute MSe(Sh,(G)), it is essential to obtain all the eigenvalues. Ultimately, 
Ch(M) =at!(a—-1) =0. 

This equation highlights the relationship between the eigenvalues and the 
structure of the matrix /, providing critical insights into the underlying properties 
of the shadow graph. Accordingly, we obtain the spectrum as follows: 


0 1 
spo =( 2, a, (4.1) 


Since MS(Spli(G)) = MS(G)®M. If a1, 02, 03,.--Qn are eigenvalues of 
MS(G) then by Proposition 1.1 


MS2(Shi(G)) = MSe(G). 
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Proposition 4.1. (i) Modified Sombor energy of Shi(Yn)is 


2 
MSe(Shi(¥; wad 2 cos ( ls =) 21). 
(ii) Modified Sombor energy of Shi(C,,) is 
1 Qn i 
MSe(Shi(Cn)) = 2 Ee omne, 


(iii) Modified Sombor energy of Shi( Ky) is 
MSe(Shi(Kn)) = V2. 

(iv) Modified Sombor energy of Shi(Kn,n) is 
MS¢e(Shi(Knn)) = V2. 


Proof: 


(i) By applying some simple algebra, we arrive at 


MSée(Y, 


72) 21). 
We can conclude the see using Theorem 3 as the Prism graph Y,, is regular. 


(ii) By utilizing the modified Sombor spectrum of C’, 


1 27 1 
M Sspec (Cp) = —=(cos (=*)) fori =0,1,2,---,n-1. (4.2) 


V2 


MSe(Cn) = Diz yy (cos (75+). 


Theorem 3 can be employed to obtain the desired outcome. 


(iii) By utilizing modified Sombor spectrum of complete graph 


Jie oo 2 
MSspec (Ky) = a oe . (4.3) 
n — 
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MSe(Kn) = |Jg| + (n — 1)| sl. 
MSe(Kn) = Jz + (n- 1) 35. 


Finally, we have 


MSe(Kn) = - - ne (4.4) 


We arrive at MSe(K,,) = /2. Theorem 3 can be employed to obtain the 
desired outcome. 


(iv) By utilizing the modified Sombor spectrum of Kp, 


=a 0 ie 
MSspec (Kym) = ( a ee ae ve (4.5) 
MSe(Knn) = |4s| +|—- 45]. 
MSe(Kyn) = a + aoe 
Finally, we have 
MSAKy pa V2. (4.6) 


Theorem 3 can be employed to obtain the desired outcome. 


Theorem 4 For t > 2, modified Sombor spectral radius of Shi(G) in terms of 
modified Sombor spectral radius of original graph G is 


pM S(Shi(G)) = pMS(G). 


This indicates that the MS spectral radius remains unchanged when transitioning 
from the base graph to its t-shadow graph, highlighting a significant structural 
property inherent in these graph transformations. 


Proof: By applying the same justifications used for formula (5.1) in Theorem 3, 
we derive the following specification for the matrix /: 


0 1 
spe =( 2, ae 
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This formulation is significant, especially considering that the relationship between 
the modified Sombor matrices is given by MS(Shi(G)) = MS(G) ® M. Since 
MS(Shi(G)) = MS(G)®& M. If 01, 2, 03,.--0n are eigenvalues of MS(G). 
Then in view of Proposition 1.1, it is clear that 


pM S(Shi(G)) = epMS(G). 


Proposition 4.2. (i) Modified Sombor spectral radius of Shi(Yn) is 


eM S(Shy(¥)) = ay 
(ii) Modified Sombor spectral radius of Shy(C) 

eMS(Shy(C,)) = - 
(iii) Modified Sombor spectral radius of Shi(Kn) 

eMS(Shi(K)) = a 


(iv) Modified Sombor spectral radius of Shi(Kn,n) 


1 
MS(Shi(Kynn)) = —. 
eM S(Shi(Knn)) Ji 
Proof: 


(i) By Utilizing the modified Sombor spectrum of Y;, , eMS(Yn) = wor We 
conclude the proof by using Theorem 4 as the Prism graph Y,, is regular. 


(ii) By utilizing the modified Sombor 


MS'specC;, = 
( Ja (cos ay) Ja (Cos em) Jp (COS on) ey Jp (cos ao) | 
1 1 1 se] 


Since the range of cos x is [—1, 1]. Modified Sombor spectrum of C;, reveals 


that, oMS(C,) = wor We use Theorem 4 to conclude the proof. 
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(iii) By utilizing the modified Sombor spectrum of K,, 


1 _ v2 
MSspec(K,)=| v2 27-2 |. 


1 n—-1 


Modified Sombor spectrum of K,, reveals that, oM/S(K,) = -:. We use 
Theorem 4 to conclude the proof. 


s 


(iv) By utilizing the modified Sombor spectrum of Kn,n 


1 1 
ails 0 ne 
MS ce ie Me v2 |. 
ee ( 1 n-2 1 
Modified Sombor spectrum of K;,,,, reveals that, pM S(Kpn) = wot We 


use Theorem 4 to conclude the proof. 


5 Conclusion 


Gutman et al. introduced Sombor and Modified Somber index because of the 
rapidly growing applications in chemistry and network analysis. Graph energy, 
e(G), and the spectral radius, 0(G), are two spectral parameters associated to a 
graph which exhibit structural properties of the graph G. Recently many variants of 
these two spectral parameters have been introduced. Modified Sombor energies and 
Modified Sombor spectral radius can be defined as the sum of absolute eigenvalues 
of the modified Sombor matrix, and the largest absolute eigenvalue of the modified 
Sombor matrix respectively. 

One of the most contemporary theories within the realm of spectral graph the- 
ory is the concept of graph energy, which has been recently linked to the spectral ra- 
dius. This innovative perspective highlights a significant intersection between math- 
ematical theory and chemical applications, offering valuable insights into molecular 
structures and behaviors. The existing literature is abundant with research exploring 
these themes, underscoring their importance in both fields. Our investigation has 
centered on the spectral radii of larger graphs, a challenging yet essential endeavor. 
By examining the properties of splitting and shadow graphs, we have drawn some 
profound conclusions that contribute to the broader understanding of graph theory. 
Notably, our findings indicate that the spectral radii of these larger graphs can be 
expressed as multiples of the spectral radii of the base graph. This relationship not 
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only reinforces the underlying structure of these graphs but also opens avenues for 
further exploration in related domains. Modified Sombor equienergetic graphs are 
two graphs having the same modified Sombor energy. Modified Sombor energy 


MSe(Spl;(G)) = /2 aay ao =. as for every regular, complete multipartite 
2 


graph, resulting in a wide range of modified Sombor equienergetic graphs. Modified 


Sombor spectral radius 9MS(S'pl,(G)) = 14 1+ , for 
2/2 \ tI (t+1)? cae 


every regular graph. Modified Sombor energy MSe(Sh;(G)) = V2, for every 
regular, complete multipartite graph, resulting in a wide range of modified Sombor 
equienergetic graphs. Modified Sombor spectral radius 9M S(Shi(G)) = wo for 
every regular graph. Additionally, the implications of our research extend beyond 
theoretical boundaries. The insights gained from our analysis can significantly 
enhance our understanding of network robustness and the dynamics of virus trans- 
mission within networks. By leveraging the relationships established in this study, 
researchers can better model and predict behaviors in various applications, including 
epidemiology and network security. In summary, this research not only advances the 
theoretical foundations of spectral graph theory but also serves practical purposes 
in understanding complex systems. As we continue to explore these relationships, 
we anticipate that our findings will inspire further studies that bridge mathematics 
and real-world applications. 
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